L eaving Certificate Examination 2007 — Mathematics— Higher Level Paper 2 — Solutions

1. @ X =5+7cos0 y=7sn6
= cosezx;5 = sng=2
7 7
cos’f+sin’f =1
49 49
= |(x=5)+y*=49
(b) X°+y>—4x-6y+5=0 X°+y>—6x-8y+23=0

¢ (23) c,(34)
L =4+9-5=8=2/2 r,=/9+16-23=+/2

(i) Touchinternaly if d, ,. =1, -,
2 2
d, ., =\(3-2) +(4-3) =2
n—r, :Zﬁ—ﬁ:ﬁ:dwg

= Circlestouch internaly.
(i) Since r, = 2r, we simply reflect ¢, by central symmetry through c,

(23)>(34)—>(45)
=  Point of contact is (4,5).
(c) Horizontal distance from centreto y-axisis 3.

Vertical distance from this point on the y -axisto the circumference= g =4.

We can therefore use Pythagoras' Theorem to deducethat r =5.
Centre must therefore be (3,5)

Equation: (x—h)2+(y—k)2 re

2

25

= (x=3)"+(y-5)
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(b)

(©)

(i)

(i1)

(i)

(i1)

(iii)

X=-2+5] Xy =—6i —8j
=  y-x=-6-8j
=  y=-6-8j+x
=  y=-6-8]-2+5]
= 37——8| 3j
a=5 BI\/§T+3_J:
aﬁbzﬁ—ﬁ=(x/§—5)iﬁ+3]

ab-b= [(«/5 5)|+3]} [«/§T+3]J
V3(V/3-5)+9=3-3/5+9=12-3/5+0
abtb

c=kb

c=k/3i+3k]
ac=c-a=(ky3-5)i+3]
aclb=ac-b=0

[(k«/é 5)i +3ij [V3i+3j]=0
«/Z_%(k«/_— )+9k:0

3k-5/3+9%=0= 12k=5/3 = |k=

%

12

p=3+4j q=5+12]

- 65t{p a} 65t[3|+4j 5T+12]j

r= +
16 ‘ p‘ ‘q‘ 5 13

_ ﬁf;t {13(3 +4J);-§5(5I +12j)}_;_6(397+52]+257+ 60])

(64| +1121) (4T+ 7]) = 4ti +7t]

Per=(3+4])- (4t + 7t]) =12t + 28t = 40t
r

E] :(5|+121) (4tf+7t]):20t+84t:104t

r ison the bisector of ~poq if Zpor = Zqor

cos|4por|=E'E= Ao = 40t __8
p|r (5)(\/16t2+49t2) 5{/65 /65

cos| £qor| = q-r _ 104t _ loat 8
dalr| (3)(viet +ao) 13(65 65

cos| Zpor | = cos| Zqor | = | Zpor| =| Zqor|= r is on bisector of ~pog .



@ (11)—(0,0)
(8-5) > (7.-6)=(x. %)
(5-2) > (4-3)=(%..¥,)

1 1 1 3
A= I%Ys = = |(7)(-8) - (4)(-6) = |21+ 24 =7

- (
ad!

(b) f:(xy)—>(x,y,) where x'=4x+2y and y'=-3x-y
K:x+y=0
) X'=4x+2y y'=-3x-y

=  y=-y-3

= X'=4x+2(-y'-3X)
= X'=4x-2y'-6X
= 2X=—-X'-2y"
-X'-2y' . 3X'+ 6y
2 =y 2
3x'-4y"
j— =
y 2

Now, K: X+y=0

N —x—2y+3x+4y:O

2 2

= —X'-2y'+3x'+4y'=0

= 2xX'+2y'=0

= xX+y'=0 = K isitsownimageunder f .

i) p=(1-1)= f(p)=(2-2)
q=(3-3)= f(a)=(6,-6)

ol B (3+)° B 22
2

+(
‘f(p)f(q)‘ \/(6—2)2+(—6+2)2 V32 42
= |pg:|f(p)f(q)=1:2
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(i)

Now,

Now,

U

(i1)

(iii)

k(3x—5y+6)+I(5x—7y+4)=0

(3k+5l)x—(5k+71)y+6k+4 =0

This represents the equation of alineasitisintheform ax+by+c=0.
Let (x,Y;) bethe point of intersection of the two lines

L :3x-5y+6=0and L,:5x-7y+4=0

(%,¥1)el,=3%—-5y,+6=0

(%, ¥1)el,=>5x—-7y,+6=0

substitute (x,, ;) into k(3x—5y+6)+1(5x-7y+4)=0

k(3% —5Y,+6)+1(5% -7y, +4)=0

k(0)+1(0)=0 =  0=0 =(x,Y,) satisfiesthe equation
k(3x—5y+6)+I(5x—7y+4)=0 represents any line through (x,,y;) the
point of intersectionof L and L,.
(3k+5l)x—(5k+71)y+6k+4l =0 hasaslope of 2
S 5 a4 5 —10k+141 = Tk ==l = k=
5k + 71 7
If k=1 then theline becomes 3x—-5y+6+1(5x—-7y+4)=0.

This represents every line through the point of intersection of L and L,
except for 5x—7y+4=0. This is because, given that the k value cannot
now be zero, we can't have a situation where L, disappears from the
equation.




(@ (cosA+sin A)2

=cos’ A+2sin AcosA+sin® A
=cos® A+sin? A+ 2sin AcosA
=1 =sin2A
—1+sin2A QE.D.
(b) 6c0s” Xx+sinx—5=0
= 6(1—sin2x)+sinx—5:0
= 6-6sin’x+sinx—-5=0
=  6Sin°x-sinx-1=0 ...let y=sinx
=  6y’-y-1=0
=  (3y+1)(2y-1)=0
N _ 1 _1
Y=73 Y=3
) 1 . 1
= SINX=—— SinXx==—
3 2
=  x={199°,341°}  x={30°150°)
= X= {300,1500,199°, 34l°}
© () |oa| =|oc| = r = isosceles triangle = | Zcao| = | Zaco| = a
= | £aoc| =180 2a
Using the cosinerule
|ac|2=r2+r2—2r2cos(180—2a)
= |ad] = 2r? +2r?(cos180cos2 +sin180sin 2a )
= |ac|2:2r2+2r2(—c032a)
= |ac|2 = 2r?(1-cos2a)
= |ac|2:2r2(25in2a)
= |ac|2:4rzsin2a
= lac| = 2rsina
. Areaof sector boc + Areaof raoc 1
(i) — =—
Areaof semi-circle 2
ir*(2a)+3r(2rsina)sina 1
= nr? "2
7
. 2r’g+2r’sin“a 1
zr? "2
2/(0: +Sin2a) 1
— —
3 2

= 2a+2$in2a:%



@
(b)

(©)

. sin2x .. _sin2x 3x 2X 2
lim— =lim _ =<
x-05n3x *0 2x sin3x 3X 3
cos( A+ B) =cosAcosB-sinAsinB
cos(A—B)zcos(A+(—B))=cosAcos(—B)—sinAsin(—B)
(cos(—-B)=cosB and sin(-B)=-sinB)
= cos( A—B) =cosAcosB-sin A(—sinB) =cosAcosB+sin AsinB

Now, sin A:cos(%—Aj and cosA:sin(%—Aj

Thus sin(A+B) =cos(%—(A+B)j

=34

:cos(E—AjcosBJrsin(z—AjsinB
2 2
=sin AcosB+ cosAsinB Q.E.D.
In Aprs, !pr| = _h
sin30 sin60
N |pr|:hsin302h(%)zl
sSn60 () 3
In Agrs, .|qr| = ,h
sn60 sn30
hsneo  h(*%)
= = =hy3
- |qr| sin30 1 V3
Also, 3c?=13n*

= c:h\/l—i3
3

Using Cosine Rule,
|pd[” = pr[* +|ar|* 2| pr||ar|cos| Zprg|

L O et Sl R i

=  cos|Zprq|= = = d
2] pr|lor| 2(%)(h)ﬁ ) 2h?
3+27-13 17
= cos|4prq|:T:E

=  |Zprq/=19-188°



6. @

(b)

(©

(i)
(i1)
If

(i)

(i)

(iv)

Uy by

U v Ul

6!=720

51=120

u,=la"+mg" thenu , =la

pun+2 + qun+l + run
= p(la™?+mB™?)+q(la™ +mB™?)+r (la" + mB")
=1(pa"?+qa" +ra")+m( pB™? +gB™ +r ")
=la"(pa’ +qa+r)+mB"(pp*+qB +r)
~1a"(0)+mpB" (0)
=0 asa andp arerootsof the equation px®+gx+r =0.

p:(r :wj(r :;Vl—lj (r +V:’§Er_+13”—1)

When w=1, p:%

n+l n+l

+mB™ and u,,, =la™ +mB"™?. Then

r(r-1)_1
J(r+1) 2
2r-2=r+1

r=3

1

Let w=2, p==

w=2 p=2
-y 1 rfer 1
(r+2)(r+1) 2 r24+3r+2 2
2r°—2r =r’+3r+2
r’-~5r-2=0 ...No integer solution.
Let w=4, p=—

rr=1 1 - r’-r 1
(r+3)(r+2) 2 r24+5r+6 2
2r°—2r =r’+5r+6
r’—7r—-6=0 ...No integer solution.

1

Let w=6, p=—

w=6 p=2

rr=1 1 r’-r 1
(r+6)(r+5) 2 r?+1r +30 2
2r2—2r =r*+11r +30
r’—13r-30=0
(r-15)(r+2)=0

r=15, r=-2

1
w=6,r=15 p=—
P 2
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(i)

(i1)

7x6x5x4=840

Number of selectionswith no vowel =4x3x2x1=24

Number of selections with at least on vowel =840—24 =816

Let A betheevent of getting two identical numbers.

Let B bethe event of getting atota of five.
P(AorB)=P(A)+P(B)-P(ANB) butinthiscase P(AnB)=0 asthe
two events are independent.

P(AorB)=P(A)+P(B) :%%:1%
P(AxBisatleast 2( A+ B))=1-P(AxB islessthan 2( A+ B))
.5 1

36 36
S, {2a+6d} ~7{a+ad]
Mean=§:a+3d

7

o Z(x—;()z
(xl—i)2 =(a-(a+3d))" =9d?
(x,—x) =(a+d—(a+3d))" = 4d?
(xg—;()2 =(a+2d —(a+3d))2 =d?
(x4—;<)2 =(a+3d —(a+3d))2 =0
(xs—;()2 =(a+4d —(a+3d))2 =d?
(x6—§)2 =(a+5d-(a+3d)) = 4d?
(x7—;<)2 =(a+6d—(a+3d)) =9d?

2 2 2 2 2 2 2
G:\/Qd +4d°+d“+0+d“+4d“+9d :\/28d =W=2d
7 7
Q.E.D.
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@ p+gq=1=q=1-p= pq=p(l-p)=p-p

dip(pq)=1—2p=0:> p=%
O @  f(x)=1+x)" = f(0)=1
f'(x)=m(1+x)"" = f'(0)=m
f(x)=m(m-2)(1+x)"" = f"(0)=m(m-1)
f"(x)=m(m-1)(m-2)(1+x)"° = f"(0)=m(m-1)(m-2)
f(x)=f(0)+ f'(0)x+ f"(0)x*+ f "(0)x*+
= f (X) =1+ mx+m(m-1)x* + m(m-1)(m—-2)x> +---
i u m(m—l)(m—2)...; ........... (m-r+1)

P r!

R=lim|“k*

m_]
2= =4

Thus the seriesis convergent for [x|<1,i.e. ~1<x<1.

m-r
r+1

=[im

I —0

|x|:lim

r—o0

1
() I =J‘tan’l xdx Let u=tan"x dv = dx
0
du = 12dx V=X
1+x
1 1 X
= I:[xtan‘lx} —.[ ~dx u=1+x
0 51+X

du = 2xdx = xdx = %du

X=0=u=1 x=1=>u=2

= I :[xtanlx]ij—%[lnu]f :{%}—%[InZ—Inl]:%—%an: %—In\/i
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